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An Iterative Digital MDdel for Aquifer Evaluation

George F. Under

PURPOSE

This program simulates the response of a confined or unconfined 

aquifer to pumping at a constant rate from one or more wells. The 

ground-water reservoir may "be irregular in shape and non-homogeneous 

with infiltration from one or more lakes and streams. The program is 

written in FORERAN 17 for the ESM 360 system. (See Appendix for 

program listing).
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1 ^HEOEETICAL DEVELOPMENT

2

3

4

The differential equation for nonsteady flow of a 

compressible fluid in an elastic non-homogeneous porous medium 

can be written (Pinder and Bredehoeft, 1968)

7

9

where 2*-  is the transmissivity tensor (L-/T);

h is the nydraulic head (L);

12 S is the storage coefficient (dimenslonless);

13 * is time (T);

u »f is the volume flux per unit area (L/T).
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1 If the coordinate axes are aligned with the principal

2 directions of the transmissivity tensor the finite-

3 difference approximation to (l) may be written (see Fig.l)
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is the index in the x dimension;

j is the index in the y dimension.
3 '

& is the index in time;

K is the hydraulic conductivity of the stream bottom (L/T); 
s

mr is the thickness of the stream bottom (L) ;
\

?.,;-.   » is the rate of withdrawal or injection at the node x.y. W 11,» 3) \ *" «/

A* is the time increment (T) ;

r 
Lx 3 ' Ly are space increments (L) ;

H is the hydraulic head in the lakes and streams .
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In an unconfined aquifer the transmissivity is a function of 

time as well as of space. In order to approximate equation (2) 

without generating a non-linear set of finite -difference equations, 

the head from the prepeding time step is used, and the transmissivity 

is given by

where ^ is the hydraulic conductivity (L/T);

  is the saturated thickness of the aquifer (L).

U. S. OOVCRNMKNT PHINTINO Off ICE : 194* O - 5111 71



5-

10-

11

12

13

14

1

16

17

18

19

15 

20-

21

22

23

24

METBOD OF ANALYSIS

A rectangular net or grid as indicated in figure 1 is 

superposed on a plan view of the groundwater reservoir.

 I

 L

Fig. 1. Nodal array for digital model,

Fig. 1
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1 At each node the transmissivity, storage coefficient, and initial

2 head are recorded. The pumping rate is recorded at each node -where

3 well is located and the hydraulic conductivities of stream or lake 

beds where they occur. In the case of an unconfined aquifer 

the transmissivity is replaced by the hydraulic conductivity and the 

elevation of the base of the aquifer is also recorded. % A parameter

7 card is prepared providing the dimensions of the grid, the head in

8 the stream, the thickness of the stream or lake beds, information 

concerning the ma^rm^m duration of pumping and other constants used 

in the computational scheme. All computer input and output is in a 

consistent set of units; the program is set-up to use feet and 

12 seconds.
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The objective of the program is to solve equation (2) implicitly 

for the desired boundary conditions at each node on the grid after 

A£ seconds of pumping. These values are then used as initial 

conditions for the calculation of the head values at time 2 At; 

this procedure is continued until the reservoir has been pumped the 

desired length of time. The size of the time step is increased 

exponentially. Numerical values and an alphameric contour map of

the drawdown in the aquifer are printed at selected time steps
Y 

(see Fig. 2).

Figure 2   Alphameric contour map of drawdown at Antigonish 

Nova Scotia

In order to determine the precision of the calculations, a mass 

balance may also be computed at this time if there is no infiltration

17 into the system.
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. The iterative alternating-direction implicit procedure 

is the mathematical technique used to solve the fl 

simultaneous equations where N is the number of nodes in 

the matrix. Hydraulic head values are calculated for each 

node in the matrix by solving alternately the equations for 

rows and columns implicitly. Equation (2) for the 

calculation of rows is

fi   t   i. ~"~ fi * * i.
m /

Ax.
.

Ax.

,- t.-
n . . ~ * -~ n    

1* * 3 -  * ^ "^ j 3

i*3+l*k

5 ^.
Ax . Az/

** ,

n
^jj', - h. .

2tn

nj_ T /t,'* t,'*   * I+ I(hi i k ~ hi j k }
** J v 9 ^ ** J v 9 " 

where J is a normalized iteration parameter;

n is the index indicating iteration number.
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V

At -each time step the row and column equations are solved 

alternately until the greatest head difference between a row and 

column computation at any node is less than a prescribed error 

criteria. When this closure is achieved the program begins solving 

for the head at the new time t + At. The procedure is

continued until the desired period of analysis has been simulated or
t
the aquifer becomes dewatered. When any condition arises which 

terminates computation the head matrix and the elapsed simulation 

period are punched on cards. These" cards can be used as input if 

it is necessary to extend the period of analysis at a later time. 

For a detailed explanation of the technique used for solving 

the finite-difference equations see Douglas and Rachford (1956).
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APPLICATION

2 The following section describes the preparation of parameter

3 and data cards. The arrangement of the assembled program deck is

4 shown in figure 3.

Figure 3- Assembled program deck,

7

8 Parameter cards

9 -. All values are right justified in the data field as indicated 

10- 

11

12 Figure ^-. Sample coding form.

13

14

Card 1
15 

Co.lumn Variable Contents
16

1-10 UMAX simulation period in hours
17

11 .- 20 DIML number of nodes in a column of the matrix
18

21-30 DIMW number of nodes in a row of the matrix
19

31 - ^0 NUMT maximum number of time steps * 
20-

- 50 QKE vertical leakage into the aquifer in feet
21 per second

22 51-60 DELT initial time increment in seconds

23

24

25-

0. S. GOVKRNMKNT I'HiNTLNG OffKK : m» O- -HI I 71 
J-C. (47 . 100



DATA SET 6

DATA SET 5

DATA SET 4

DATA SET 3

DATA SET 2

DATA SET 1

PARAMETER CARDS (9)

END OF RECORD

SOURCE PROGRAM

CONTROL CARDS

X

JOBCARD

Fig., 3 13
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1

2

3

4

5-

6

7

8

9

10-

11

12

13

14

15-

16

17

18

19

20-

21

22

23

24

Card

1 -

11 -

21 -

31 -

ta. -
51 -

61 -

71 -

Card

1 -

11 -

21 -

Card

1 -

Card

1 -

2

10

2O

30

to

50

60

70

80

3

10

20

30

k

10

5

5

M

KTH

FACTOR

LENGTH

ERR

FACS

FACB

FACP

<-

FACT

RIVER

SPACNG

SUM ,

PUNCH

thickness of stream or lake beds in feet

number of time steps between printouts *

multiplier for values of hydraulic 
conductivity of stream or lake beds

number of iteration parameters *

error criteria for closure

multiplier for storage coefficient

multiplier for aquifer base bottom
elevation /

multiplier for hydraulic conductivity
of aquifer

multiplier fpr transmissivity

hydraulic head in river in feet

contour interval in feet

elapsed time at beginning of computations
(usually 0. unless provided as
punched output)

w

indicator for punched output; if punched
output is desired at termination of
computations write PUNCH, otherwise
leave card blank.

16
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Card 6

2 1 - 10 WATER indicator of water-table conditions, if
water-table conditions are

3 encountered write WATERTABLE:
otherwise leave card blank.

5- Card 7

1-7 CONTR -indicator of contoured printout;
if an alphameric contour map of

7 hydraulic head is desired write
CONTOUR; otherwise leave this

8 card blank.

9

Card 8
10 

1-7 NUM indicator of numerical printout; if the
n . numerical head values are desired

write NUMERIC, otherwise leave this
12 card blank.

13 Card 9

u 1-5 CHCK indicator of computational check; if a
mass balance on the system is

15_ . desired write CHECK; otherwise
leave card blank.

16

17 * values are fixed point; they must be right justified and not 
include a decimal point.

18

19 

20-

21

22

23

24

' _ U. S. GOVKHNMENT HUNTING OFFICE . I'm O - MH7I 
IT MT.lOu



5-

10-

11

12

13

14

1

16

17

18

19

15-

20-

21

22

23

24

Data Cards 

Set 1 '

Distance betveen nodes in the prototype in feet: the distance 

between -adjacent nodes is recorded as indicated in figure 1 . The 

values in the X direction, VELX, are recorded first and are followed, 

beginning on a new card, by the values in the y direction, UELY. 

As indicated in figure 1 the values for DELY and DELX must remain 

constant for each row and column respectively. Each value may 

occupy 10 spaces including the decimal point.

1 Q U. S. GOVKHNMKNT I'HINn.Vi if>t O M I I 71 
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5  

10-

11

12

13

14

1

16

17

18

19

15 

Set 2

Initial hydraulic head, STRT: the initial hydraulic head values are 

recorded from left to right along the rows beginning with the top row. 

Each row begins on a new card and each value may occupy 10 spaces 

including a decimal point (there will be a maximum of eight values 

recorded on each card). The hydraulic head values punched at the 

termination of the program can be read as initial hydraulic head 

values.

Set 3

Locations of wells, Lakes, and streams, RATE: the locations of wells, 

lakes, and streams are recorded left to right along the rows, 

beginning with the top row. Each row begins on a new card and each 

value may occupy only k spaces including a negative sign and decimal 

point (no sign is necessary, for a positive number). At any node 

where a lake or stream occurs the hydraulic conductivity of the bed 

divided by the hydraulic conductivity multiplier is recorded. At 

any node where a well is located the pumping rate in cfs is recorded 

preceded by a negative sign.

20-

21

22

23

24

?5 -

19 U. S. OOVKHNMt.% F i'KI.M'IN<; -  /111 M
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1

2

5-

8

Set k

Hydraulic conductivity: PERM or transmissivity T: this data set 

consists of the hydraulic conductivity values in the, case of a water 

table problem or transmissivity values in a confined aquifer situation, 

The values divided by the appropriate multiplier are recorded left to 

right along the rows beginning with the top row. Each row begins on 

a new card and each value may occupy up to k spaces including the 

decimal point.

Set 5

Aquifer base elevation, BOTTOM: this data set consists of the

11
elevation of the base of. the aquifer measured from the same reference

datum as the initial head, divided by an appropriate multiplier,
13

This data set is omitted if a confined-aquifer problem is considered.
14

The values are recorded left to right along the rows beginning with
15-

the top row. Each row begins on a new card and each value may occupy
16

up to 4- spaces including the decimal point.
17

Set 6
18

Storage coefficient values, S: this data set consists of the storage
19

coefficient at each node, divided by the appropriate multiplier,
20-

The values are recorded left to right along the rows, beginning with 
21

the top row. Each row begins on a new card and each value may occupy
22

up to h spaces including the decimal point,
23

24

U. S. GOVEHNMKNT HHINTINC OFflCE : 1949 O - til 171
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1

2 . PROGRAM FEATURES

3

Number of nodes;

The dimensions of the nodal array considered in an aquifer problem 

generally depend upon the storage capacity in the computer and 

7 available funds. The larger the nodal array the more computer time 

a is required to simulate a specified period of analysis. This 

9 program permits arrays up to 50 X 50 nodes.

10~ Drawdown near the pumping well;

11 Withdrawal from a well'is assumed to occur over the area of

12 influence of the well node. Drawdown values within one node of

13 the well, therefore, will not accurately represent field responses.

14 The use of smaller space increments near the well will improve

15~ the accuracy of the solution,

16
Advantages of iterative technique;

17
Certain limitations inherent in the alternating direction

18

19

implicit technique are overcome by introducing a relaxation

factor and iteration. Some of the important advantages of
20-

iterative analysis are;
21

22

23

24

21
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i. abrupt changes in transmissivity between nodes is

permitted, 

ii. variable space increments may be used, 

iii. any time increment A£ may be used,

s- iv. the elliptic form of the flow equation can be treated 

directly (the steady-state problem),

7 v. the iterative procedure requires less computer time

8 when periods extending tens or hundreds of years are

9 simulated.

10-
Multiplication Constants

11
Multiplication constants (FACTOR, FACE, FAGS, FACP, FACT) are used

12
to decrease the number of data cards when very small or very large

13

numbers must be read. For example, if it was necessary to read a
14

storage coefficient value of .0001 the multiplication factor FACS
15-

could be set equal to .0001 and 1. would be recorded on the data
16

card; the program would convert the 1. to .0001 during execution,
17

Program Diagnostics 
is

Two program diagnostics may be generated if an abnormal program
19

termination occurs. The message EXCEEDED PERMITTED NUMBER OF
20-

ITERATIONS is printed when convergence is not achieved within 
21

100 iterations. Biis situation generally arises when an error in
22

data input results in an impossible physical problem. The message
23

WELL GOES DRY occurs when the cone of depression in an unconfined
24

aquifer drops below the impermeable aquifer base.
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1 -Iteration Parameters

2 The choice of the number of iteration parameters, LENGTH, and the

3 convergence criteria, ERR, depends upon the physical problem

considered. Three to seven iteration parameters and a value for 

ERR of -003 should provide satisfactory results in most problems

Mass Balance
7

.The CHECK option permits the calculation of a mass balance when
s I

.there is no infiltration into the system. The volume of water

removed from the aquifer is computed by integration over the cone of 

depression and by calculating the volume removed from the wells.

These values are compared and the deviation expressed as a percent of
i

12 I
the volume pumped. If infiltration does occur the deviation is a

i
13 ,

measure of the volume of water entering the system.
14 |

Biis program is not designed to simulate all of the complicated
.-I

hydrologic problems encountered in the field. It is intended as a
16 !

starting point from which more complex models can be .developed,
i

17

18

19

20-

21

22

23

24

25-
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